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Abstract. The cumulants of baryon multiplicity distribution in relativistic heavy-ion collisions (HICs) have attracted considerable
attention recently. It has been conjectured that they may serve as a promising observable to detect the critical end point in the QCD
phase diagram, while the cumulants in HICs at intermediate energies have not been widely studied to date. How to interpret the
cumulants data at intermediate energies and compare with the data at relativistic energies is now being actively discussed. Both
meam-field potential and clustering are highly important to HICs at intermediate energies. In this talk, we discuss these effects on
the cumulant ratios of baryon number distributions in Au+Au collisions at beam energies of 1.23 GeV/nucleon which have been
currently performed by the HADES Collaboration at GSI. Within the newest version of the ultrarelativistic quantum molecular
dynamics (UrQMD) model, calculations with different mean field potentials as well as without mean field potential are performed.
It is found that the mean field potential enhances fluctuations in the momentum space during the expanding stage, especially in a
small rapidity acceptance window. The enhancement of cumulant ratios for free protons is suppressed compared with that for all
baryons.
Cumulants in relativistic heavy-ion collisions
Exploring the quantum chromodynamic (QCD) phase diagram is one of the most important motivations for the study
of relativistic heavy-ion collisions (HICs) physics. It is known from Lattice QCDmethods that at zero baryon chemical
potential (at the highest beam energies), phase transition from hadronic matter to the quark-gluon plasma (QGP) is
a smooth crossover, while various effective theoretical models predict that this phase transition is expected to be
a first-order one in the region of large baryon chemical potential (at lower energies). Thus, the QCD critical point
should exist at a certain temperature and baryon chemical potential. To find the location of this critical end point in the
temperature and baryon chemical potential plane has been one of the prime goals for studying of HICs physics, such
as the beam energy scan (BES) program at the relativistic heavy-ion collider (RHIC), the future accelerator facilities
FAIR in Germany and NICA in Russia. The basic idea is to search for the non-monotonic behavior of observables
(such as fluctuations) as a function of the colliding energy. To determine the critical point from HICs, the fluctuations
of conserved quantities, such as baryon, electric charge, and strangeness number, which are expected to be sensitive
to the QCD phase transition and the critical point, have been considered as a promising observable[1, 2, 3].
During the first phase of the BES program at RHIC (from the year 2010 to 2014), the cumulants (variance,
skewness, and kurtosis, up to the fourth order) of net-proton (net-baryon), net-charges, and net-kaon number dis-
tribution in Au+Au collisions at energies of
√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and 200 GeV have been
measured[4, 5, 6, 7]. The almost flat energy dependence of cumulants for net-charge and net-kaon distributions was
observed within current statistics, while the kurtosis of net-proton distributions in the most central (0-5%) Au+Au
collisions shows a non-monotonic behavior as a function of energy and a large deviation from unity at
√
sNN=7.7
GeV. This result implies the critical end point in the QCD phase diagram may be reached or closely approached in
the most central Au+Au collisions at
√
sNN=7.7 GeV. While various effects, such as system volume fluctuations, ef-
ficiency corrections, baryon clustering, global charge conservation, resonance decays (making correlations between
positive and negative charges), may also influence the cumulants to some extent. To reach higher statistical precisions
and to achieve a better understanding of the non-monotonic behavior for the kurtosis of the net-proton distributions,
the second phase of BES program and the STAR Fixed-Target program have been proposed to measure cumulants at
lower energies[8]. In the near future, fixed target collisions at
√
sNN = 2.7 ∼ 4.9 GeV in the Compressed Baryonic
Matter (CBM) experiment on FAIR at GSI[9], the J-PARC heavy-ion project in Japan[10], as well as the NICA project
in Russia[11] may also contribute to a deeper insight of the QCD phase diagram.
The UrQMD model and cumulants in central Au+Au collision at intermediate energies
At intermediate energies (beam energy around 1 GeV/nucleon), one can not expect phase transition from hadronic
matter to the quark-gluon plasma taking place, but the nuclear liquid-gas phase transition may occur. Recently, the
HADES collaboration showed new preliminary results for the cumulants of proton multiplicity distributions in Au+Au
collisions at beam energy of 1.23 GeV/nucleon[12]. How do the cumulants behave at intermediate energies and how
to compare the cumulants at high energies to that at low energies is now being actively discussed. At intermediate
energies, dense nuclear matter (twice to three times saturation density) can be created and a large fraction of the pro-
tons and neutrons is bound in fragments. Both the collective flow and the nuclear stopping reach their maximum here.
Thus, the cumulants for particle multiplicity distribution at intermediate energies are very complicated to evaluate.
The ultrarelativistic quantum molecular dynamics (UrQMD) model is a microscopic many-body transport ap-
proach in which each hadron is represented by Gaussian wave packet in phase space. The time evolution of the
centroids (ri and pi) of the Gaussians obey Hamilton’s equations,
r˙i =
∂〈H〉
∂ pi
, p˙i = −
∂〈H〉
∂ri
. (1)
Here 〈H〉 is the total Hamiltonian function of the system, it consists of the kinetic energy of the particles and the
effective interaction potential energy. The UrQMD model has been widely and successfully used to study pp, pA,
and AA collisions within a large energy range from the Fermi energy up to the CERN Large Hadron Collider (LHC)
energies[13, 14]. It has been found that with a proper set of the in-medium nucleon-nucleon cross section, Pauli block-
ing, as well as the clustering process, the collective flow, stopping observable, as well as fragment mass distribution in
intermediate energy HICs can be reproduced fairly well[15, 16, 17, 18]. For studying HICs at intermediate energies,
the following density and momentum dependent potential has been widely used[19, 20, 21],
U = α(
ρ
ρ0
) + β(
ρ
ρ0
)γ + tmd ln
2[1 + amd(pi − p j)2]
ρ
ρ0
. (2)
Here α, β, γ, tmd, and amd are parameters which can be adjusted to yield different nuclear equation of state (EoS)
for isospin symmetric nuclear matter. In order to study the influence of mean field potential on the cumulants, the
so-called soft and momentum dependent (SM), and hard and momentum dependent (HM) nuclear EoS, as well as the
hard and without momentum dependent (H) EoS are chosen. In addition, the UrQMD model without any mean field
potential (cascade mode) is also chosen. The set of parameters are displayed in Table I[21].
TABLE 1. Parameter sets of the nuclear equation of state.
EoS K0(MeV) α(MeV) β(MeV) γ tmd(MeV) amd(
c2
GeV2
)
SM 200 -393 320 1.14 1.57 500
H 300 -165 126 1.676 - -
HM 380 -138 60 2.084 1.57 500
On the event-by-event basis, the cumulants of particle multiplicity distributions can be calculated in the form
C1 = M = 〈N〉, (3)
C2 = σ
2
= 〈(δN)2〉, (4)
C3 = Sσ
3
= 〈(δN)3〉, (5)
C4 = κσ
4
= 〈(δN)4〉 − 3〈(δN)2〉2. (6)
Here δN = N−〈N〉 with N being the number of particles in a given acceptance (e.g., rapidity or transverse momentum
window) for a single event. M is the mean value of particle multiplicity in the chosen window calculated from aver-
aging all considered events, σ is the standard deviation, S is the skewness which measures the degree of asymmetry
of a distribution, and κ is the kurtosis which is also a descriptor of the shape of a distribution. Usually, the ratios of
cumulants are used to cancel the unknown volume dependence and directly compared with theoretical calculations,
C2/C1 = σ
2/M, (7)
C3/C1 = Sσ
3/M, (8)
C3/C2 = Sσ, (9)
C4/C2 = κσ
2. (10)
According to the Delta-theorem [22], the statistical error of the cumulants and their ratios can be approximated as
follows:
error(Cr) ∝ σr/
√
n, (11)
error(Cr/C2) ∝ σ(r−2)/
√
n. (12)
Here n is the total number of events. In this work, we will focus on Au+Au collision at beam energy of 1.23
GeV/nucleon with impact parameter b=0 fm. To do so, more than 2 000 000 events for each cases are simulated
to accumulate high statistics on observables. As will be shown later, the statistical errors for the first three moments
are quite small, but the errors for C4 and the corresponding kurtosis are still large. One can estimate from Eq.(11) and
(12) that, to cut the original error in half would need four times the number of events than before.
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FIGURE 1. The moments of all baryons (protons and neutrons) multiplicity distributions produced in the central Au+Au collisions
at beam energy of 1.23 GeV/nucleon. The rapidity cut −0.1 < y0 < 0.1 (around mid-rapidity) is considered as an example. The
results calculated with SM, H, HM, and cascade mode are compared to the results obtained from the binomial distribution (BD).
Error bars whenever not showing, are smaller than symbols size.
Figure 1 compares the cumulants of all baryons (protons and neutrons) distribution around mid-rapidity (−0.1 <
y0 < 0.1) from different scenarios. The small rapidity cut is chosen to weaken the influences of baryon number
conservation. The C2, C3 andC4 for the binomial distribution (BD) are obtained byC2=N p(1− p),C3=N p(1−2p)(1−
p), and C4=N p[1− 6p(1− p)](1− p) with N=394 being the total baryon number and p=C1/N being the probability in
a given rapidity window, here the C1 is taken from simulation in the cascade mode. We have tested that the result for
the BD will not change too much if the C1 value is taken from other scenarios. We take the BD as a baseline because it
essentially assumes uncorrelated baryon emission, and the global baryon number conservation has been obeyed. The
mean value (C1) obtained with HM is the largest one while that obtained with cascade mode is the smallest one, this is
because the strong repulsive interaction in the high-density phase in the case of HM providesmore blocking andmakes
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FIGURE 2. The same as Fig.1 but for the cumulant ratios.
nucleons more likely to be emitted perpendicular to the reaction plane. Both C2 and C3 calculated within the cascade
mode are smaller than those calculated with mean field potential, indicating that nuclear interaction enlarges the
correlation (i.e., the fluctuation of δN) between particles. This is due to the attractive nature of the nuclear interaction
at sub-normal densities near freeze-out. If one compares the C2 and C3 obtained with H to that obtained with HM
and SM modes, it is found that the cumulants are less sensitive to the incompressibility K0 but more sensitive to the
momentum-dependent component of the nuclear potential. In addition, it can be seen that the cumulants obtained with
mean field potential modes are larger than that obtained with the BD, but the cumulants obtained from the cascade
mode are smaller than the BD baseline. This implies the mean field potential and the pure collision term may lead to
opposite corrections. In Ref[23], the cumulants as a function of reaction time were presented by both UrQMD model
and JAMmodel, we also found that the cumulants first decrease in the compressed stage (dominated by collision) then
increase afterwards (dominated by mean field potential). The cumulant ratios are displayed in Fig.2. The magnitude
of the cumulant ratios varies drastically for the different potential implementations. While the momentum dependent
potentials essentially give the same result, they also show the largest deviation from the BD baseline. Moreover, it can
be found again that the cumulant ratios calculated with mean-field potentials (i.e., SM, HM, and H) are larger than the
BD baseline while the ones from the cascade mode are smaller than the BD baseline. Although with large error bar,
the enhancements for κσ2 contributed from the mean-field potential still can be observed and none of the κσ2 exceeds
the value of 1.
For larger rapidity windows, as can be seen in Ref[23], the differences in the cumulant ratios among different
calculations steadily decrease, and their values generally approach the limiting values obtained from the BD for p =
1, i.e., C2/C1 = C3/C1 = 0, and Sσ=1, due to the dominant contribution from baryon number conservation. Besides
the effects of mean field potential, the influence of clustering on the cumulants has also been studied in Refs[23, 24].
We found that the cumulant ratios for free baryons and free protons are also enhanced by the mean field potential,
as compared to the cascade mode. However, the enhancement of free protons is apparently reduced compared to that
for all baryons. These results manifest that the clusterization effect also plays an important role on the cumulants
of particle multiplicity distributions at intermediate energies. In addition, we found that the cumulant ratios for free
protons are not equivalent to that for for free baryons, as the number of protons is not a half of baryons and the protons
(neutrons) cannot completely forget their initial isospin through collisions.
Besides the cumulants in momentum space (with different rapidity window), we also studied the cumulants in
the coordinate space (with different length of box around the collision point x=y=z=0) in Ref[24], it is found that
coordinate space correlations are not equivalent to the momentum space correlations. Whether the correlations in
coordinate space can be completely translated to momentum space correlations which can be measured in experiment
remains an open question.
In summary, within the ultrarelativistic quantum molecular dynamics (UrQMD) model, we studied the cumu-
lants and their ratios for baryon multiplicity distributions in the central Au+Au collisions at beam energy of 1.23
GeV/nucleon. The influence of mean field potential and clustering on the cumulants was investigated in detail. It
was found that both those effects will impact the cumulants and their ratio, and the mean field potential enlarges the
cumulants and their ratios as it provides more correlations between particles.
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